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Section 10.3

Exploration 2 Euler’s Formula

1.

2.

i X X X
LS G0 CO S COLY
! 3! n!
2 3 4 5 n
.oXxT xT x X n X
=l4ix— it i+ () 4
2! 31 4! 5! n!
If we isolate the terms in the series that have i as a factor, we get:

. 2 3 4 5 n
P PP S . L Y ¢ U S
2! 31 4! 5! n!
2 4 6 2n 3 5 7 2n+1
:]_x_+x__x_+...+(_1)n X et g x_x_+x__x_+...+(_1)n —x R
21 41 6! 2n)! 3t 51 7! Cn+1)!

=cosx+isinx.
(We are assuming here that we can rearrange the terms of a convergent series without affecting the sum. It
happens to be true in this case, but we will see in Section 10.5 that it is not always true.)

3. ¢F =cosz+isinzr=—-1+0=-1
Thus, ¢ +1=0
Quick Review 10.3

1.

2.

3.

10.

Since |f(x)|=[2cos(3x)| <2 on [-27, 27] and f(0) =2, M = 2.

Since f(x) is increasing and positive on [1, 2], M = f(2) =7.
Since f(x) is increasing and positive on [-3, 0], M = f{0) = 1.

1

Since the minimum value of f{x) and the maximum value of fix) is f(1)=—, M = 3

N | =

On [-3, 1], the minimum value of f{x) and the maximum value of f(x) is f{0) = 2. On (1, 3], fis increasing and
positive, so the maximum value of fis f{3) = 5. Thus, |f(x)| <7 on[-3,3]and M =7.

Yes, since each expression for an nth derivative given by the Quotient Rule will be a rational function whose
denominator is a power of x + 1.

No, since the function f(x) = ‘xz —4‘ has a corner at x = 2.

Yes, since the derivatives of all orders for sin x and cos x are defined for all values of x.

Yes, since the function f(x) = e~ * has derivatives of the form £ (x) =—e™* for odd values of 1 and

f () (x)=e* for even values of n, and both of these expressions are defined for all values of x.

No, since f(x)= x3/2, we have f(x) = %xl/z and f"(x)= %x_l/z, 0 f”(0) is undefined.
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Section 10.3 Exercises

1. f0)=e>*

x=0

F(0)=-2¢

x=0

=4, so /O
x=0 2!
f///(o) — _86—2)6 — _8,
x=0
Wl O__4
3! 3
FP0) =167

f”(O) — 46—2)6 — 2

Mo _2
4! 3
Py(x) =1-2x+2x> —%x3 +§x4

£(0.2) = P,(0.2) = 0.6704

SO

=1

2. f(0)=cos’>
2 x=0

V4 X
‘(0)=——= sin—
FOy==3 5

3

Vs Tx
”(0) =— sin— =0, so
17(0) g 5

x=0

4
@ oy=F_ cos ™M
frO=T 5

x=0
4 4
w0 _7"

41 384
2 4
n 2 4
Px)=1-2_ 242
4() g 384

£(0.2)=P,(0.2) =0.9511

Section 10.3 563

3. f(0)=5sin(-x)|_,=5sinx _; =0
f(0)=—-5cos x|X:0 =-5

f//(O)

£7(0) =5sin x|x:0 =0, so T 0
f (0)—5005x|x=0—5, SO 6
A0 _

0

W) = 5« _
70 = 551nx|x=0—0, SO 1

Py(x)= —5)6-%—%)63

149
0.2) = P4(0.2) =——~-0.9933
f0.2)=B0.2) =~

4. Substituting x? for x in the Maclaurin series

given for In(1+ x) at the end of Section 10.2,
we have

In(1+ x°)
= x2 _ﬂ ﬂ_..._}_(_l)”—l (%" +
2 3 n
x4 x6 x2n
=P +(=D) 4
2
x4
Therefore, Py(x)= K2 —7 and
£(0.2) = P,(0.2) = 0.0392.
5. f(O):(l—x)_z‘ L=
F(0)=2(1— x)_3‘ =2
£7(0)=6(1-x)"* =60 f ;(!0) =3
£7(0) =241 L=
“ fm(o) 4
3!
@)= 120(1—x)_6‘ =120,
4)
SO m =5
41

Py(x) = 14+ 2x+3x% +4x% +5x*
£(0.2) = P,;(0.2) =1.56
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564  Section 10.3

3 38 2t 3
6. sinx—x+—=|x——+——+(-1)" oo [mx+

3! 31 5! 2n+1)! 3!
5 7 9 2n+1
:x__x_+x__...+(_1)” X 4.
st 7t 9 2n+1)!
x2n+5
Note: By replacing n with n + 2, the general term can be written as (—1)" ————
2n+5)!
x2 x"
7. xet =x|l+x+—+-+"—+--
2! n!
) x3 n+l1
=X+x"+ =+t +ee
2! n!
8. coszx:l—klcos (2x)
2 2
2 4 2n
:l+l 1_@+@_...+(_1)"(2x) +..
2 2 2! 41 (2n)!
_ 4 et (_D,,zz”xz"
2:21 2-4] 2-(2n)!
4 22n—1 2n
=1—x? 4 (=)
2m)!
9. sinzx:l—lcos@x)
2 2
2 4 6 2n
1M le? eot eo® oot
2 2 2! 4! 6! 2n)!
2 4 6 2n 2n
=4x _16x +64x _...+(_1)”—12 X
2.2 2.4 2.6! 2-(2n)!
4 6 2n-1 _2n
S T S S N e S
345 (2n)!
22n+1x2n+2
Note: By replacing n with n+1, the general term can be written as (-1)" ————.
2n+2)!

2
10, -2 1
1-2x 1-2x

= X214 2x+ 2% %+ +(2x)" +-+]
=20+ At o 2 4

11. P, (x). Use the window [-0.5, 0.5] by [0, 0.001] to graph Y,, = |ln(1+x)—Pn(x)|, n=1,2,3, ..

The first graph that does not intersect the top of the window is Y; = |ln(1 +x)-F (x)|.

FIoIl FTeke FTeLz

WeBabs(lnl 14K -
= A T A S B E
SE+HA55))
sYeHabs(lngl+x1 -
W C g W S
3 i4+H“5/5-H"6/6>

Formulas for Y5 and Y6
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12.

13.

14.

15.

16.

Graphs for Y5 and Y6 and Y7

B, (x). Use the window [—7;, 7] by [0, 0.001]
to graph |cos(x) - P, (x)|, n=2,4,6, ...

The first graph that does not intersect the top
of the window is |cos(x) - Plz(x)|.

o ]
Graphs of |cos(x) -K (x)|, |cos(x) - Plo(x)|

and |cos(x) —Plz(x)|

f(x)=ﬁ=1+2x+(2x)2+-~

(2x)’

|f(X)_P6(X)|=‘(2X)7+(2x)8+...‘: =y

For all xe (—%, %j, 1 —2x > 0. Therefore

4
the truncation error is: M
1-2x

10
X

1
e B 1-x

1-x

=‘x10+x11+~-‘=

For all xe (-1, 1), 1 —x> 0. Therefore the
10
X

truncation error is: 1—
—-x

If M =1and r =1, then
‘cos(”ﬂ) (t)‘ < Mr™! =1 for all ¢, since all

derivatives of the cosine function are sine or
cosine functions bounded between —1 and 1.

If M =1 and r =35, then
‘ it (t)‘ < Mr" =5" for all ¢, since the

(n + 1)st derivative of fis a sine or cosine

function (bounded between —1 and 1) times

5nt (the result of n+1 applications of the

Chain Rule).

17.

18.

19.

20.

Section 10.3 565

If M =1and r =8 then
‘f("ﬂ) (t)‘ < Mr" =8 for all ¢, since the

(n + 1)st derivative of fis a sine or cosine

function (bounded between —1 and 1) times

gt (the result of n+1 applications of the

Chain Rule).

Note that ‘ f (n+1) (t)‘ =‘est .5"*1 " which can

be bounded for all ¢ between 0 and x by

‘eSX .5n+l 0 .5n+1

when x>0 and by |e

when x <0. Thus, let M be the larger of the

two numbers {e>*, 1} and let r=5.

Let f(x)=sinx. Then

3
Pi(x)=PF(x)= x—%, so we use the

Remainder Estimation Theorem with n = 4.
(We use Py instead of P because it gives us a

better range of x’s.) Since

‘f(s) (x)‘ = |cos x| <1 for all x, we may use
al

M =r=1, giving |R4 (x)| < T SO we may
assure that |R4 (x)| <5x 107 by requiring

5
|z__|' < 5x 107, or |x]<¥0.06 =0.5697.

Thus, the absolute error is no greater than
5% 107* when —0.56 < x < 0.56

(approximately).
Alternate method: Using graphing techniques,

3
sinx—{x—%Jssmo“‘

—-0.57 < x<0.57.

when

Let f(x)=cosx. Then
x2
PB(x)=P((x)= 1—7, so we may use the

Remainder Estimation Theorem with n = 3.
(We use Pjinstead of P, because it gives us a
better range of x’s.) Since ‘f(4) (x)‘ = |cos x| <1
for all x, we may use M =r =1, giving

4
|R3 (x)| < % For |x| < 0.5, the absolute error
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21.

Section 10.3

is less than

4
% = (0.0026 (approximately).

Alternate method: Using graphing techniques,

we find that when |x| < 0.5,

cosx—|1——
2

2

cos0.5— {l—ﬁJ
2

= 0.002583.

2
The quantity 1—% tends to be too small, as

|err0r| =

<

shown by the graphs of y =cosx and
2

AN
ZARS

[- 7, 7] by [-1.5, 1.5]

Let f(x)=sinx. Then P,(x)=

we may use the Remainder Estimation
Theorem with n=2. Since

F(x)=1x, so

f”'(x)| = |—cos x| <1 for all x, we may use

3
M =r=1, giving |R2(x)| |x| . Thus, for

|x| < 10_3, the maximum possible error is

(107%)°
|

about ~1.67x10710,

Alternate method:
Using graphing techniques, we find that when
|x| < 10_3, |err0r | = |sin xX— x|
< ‘sin10_3 —10‘3‘
~1.67x1071°,

The inequality x <sinx is true for x <0, as
we may see by graphing y =sin x — x.

AN
~

[-1073, 1073 by [-2 X 107'%, 2 x 1071

22. Let f(x) =+/1+x. Then Pl(x):1+§, 50 we

23.

24,

may use the Remainder Estimation Theorem

[ =

with n=1. Since

—i(1+x)_3/2 ,

which is less than 0.2538 for |x| < 0.01, we
may use M = 0.2538 and r = 1, giving

0. 2538|x|
[y (o < —— 7=
maximum poss1ble absolute error is about

0.2538(0.01)>

2!
Alternate method:
Using graphing techniques, we find that when

x| <0.01,

|err0r| = ‘\/1 +x —[1 +£j‘
&
2

2
Note that 1+ x+ % is the second order Taylor

. Thus, for |x|<0.01 the

~1.27x107.

1-0.01-

~1.26%x107.

polynomial for f(x)=e* atx =0, so we may
use the Remainder Estimation Theorem with
f ”’(x)| =¢”, which is less than

0.1

n=2. Since
eO.l

when |x| <0.1, wemayuse M =e

O
and r =1, giving |R2(x)| <

. Thus, for

|x| < 0.1, the maximum possible error is about

10.1)3

~1.842x107%,
3!
2 n
Note that e —1+x+x—+ +x—+ and
2! n!
— X2 X
* =1—x+7—---+(—l)”—+ .- Thus the

terms with n even will cancel for

sinh x = %(ex —e "), and the terms with n
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25.

26.

27.

odd will cancel for cosh x = %(ex —e ).

3 5 2n+l
. X
sinhx=x+—+—+...+ +...
3t 5! 2n+1)!
2 4 2n

coshx=1+—+—+...+ +
21 4! 2n)!

All of the derivatives of cosh x are either
cosh x or sinh x. For any real x, cosh x and

A

sinh x are both bounded by e'. So for any

real x, let M = e‘x‘ and r = 1 in the Remainder
Estimation Theorem. This gives

e‘x‘xnﬂ
|Rn (x)| < , but for any fixed value of
(n+1)!
‘x‘ | |n+1
elx
x, lim =0. It follows that the series
n—eo (n+1)!

converges to cosh x for all real values of x.

For n =0, Taylor’s Theorem with Remainder

says that if f has derivatives of all orders in an

open interval / containing a, then for each x in

I, f(x)= f(a)+R(x), where

R(x)= f'(c)(x—a), so

f(x)= f(a)+ f'(c)(x—a) for some c between

a and x. Letting b = x, this equation is

f)= f(a)+ f'(c)(b—a), which is

f®)-f(a)
b—a

between a and b. Thus, for the class of

functions that have derivatives of all orders in

an open interval containing a and b, the Mean

Value Theorem can be considered a special
case of Taylor’s Theorem.

equivalent to f’(c) = for some ¢

£(0)=1In(cos x)| ,_p=1In 1=0

f’(O)=L(—sinx)|x:0=—tanx| =0
cos x x=0

£ _ 1

2! 2

£7(0) = —sec” x v=0=—1s50
(@ L(x)=0

(b) Pz(x)=—%x2

(¢) The graphs of the linear and quadratic
approximations fit the graph of the
function near x = 0.

28.

29.

Section 10.3 567

[3,3] by [-3. 1]

f(O) _ esinx 0= eO -1
£/(0) = 5" cosx|x:0: 1
17(0)

- [(eSi“ X (=sin x) + (cos x) (€51 F cos x):|

x=0
=1,
17(0)

SO =

1
20 2

@ L(x)=1+x

2
(b) P2(x)=1+x+%

(c) The graphs of the linear and quadratic
approximations fit the graph of the
function near x = 0.

N

[-3.3] by [-1.3]

FO=1-2272] =1

70 ==21-2 29 g

=x(1- x? )_3/2 | =0
=0
£7(0)

= (x){—%a —xY 2(—2x>} +1-

o f”(O):l
212
(a) L(x)=1

2
(b) 102(x)=1+)‘7

(c) The graphs of the linear and quadratic
approximations fit the graph of the
function near x = 0.
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30.

31.

Section 10.3

N4

[-3,3] by [-1, 3]

f =secx|x:0=1

f(0) :secxtanx|x:0:0

=(secx) (sec2 X) +(tan x) (sec x tan x) | =0

f7(0)

=1

oo _1
202

(@) L(x)=1

2

X
(b) P (%) —1+7

(¢) The graphs of the linear and quadratic
approximations fit the graph of the

function near x = 0.

N

J/X

[=3,3]by [-1,3]

f(O) =tanx|,_y=0
£(0)=sec” x| g =1

£7(0) = (2 sec x) (sec x tan x)| ,_ =0,

SO _f”(O) =0
2!

@ Lkx)=x

(b) B(x)=x

(¢) The graphs of the linear and quadratic
approximations fit the graph of the
function near x = 0.

/

/

[-3.3] by [-2. 2]

32.

33.

FO=01+0"|,0=1
FO)=kA+0" | o=k
SO =k(k=D(A+x)* 72| Ly =k(k-1),

o SO _ k(=D
2! 2

Pz(x)=1+kx+k(k_1)

x2

For k=3, we have f(x)=(1+x)° and
f”(x) =6. We may use the Remainder
Estimation Theorem with n =2, M = 6, and
3
6 x|
3!
particular case it is actually true that

r=1, giving |R2(x)| < = |x|3. (In this

Ry(x)= x3, since f(x) is a cubic polynomial.)
Thus the absolute error is less than ﬁ

whenever |x|3 < 0.01. In the interval [0, 1],

this occurs when 0< x < \3/0.0 =0.215.
Alternate method:

Note that P (x) =1+3x+ 3x2. Using graphing
techniques, ‘(1 + x)3 —(1+3x+ 3x2 )‘ < L

100
when |1 <0.215.

2 3
Let f(x)=e". Then Pg(x)=1+x+x7+%,

so we may use the Remainder Estimation
Theorem with n = 3. Since ‘f(4) (x)‘ =e,
which is no more than ¢*! when |x| <0.1, we
may use M = O and r=1, giving

[+
41

| Ry (x)| < . Thus, for |x|<0.1, the

maximum possible absolute error is about
A0yt

24
Alternate method:

Using graphing techniques, when |x| <0.1,

2 3
g AL
2 6

01 (1401, 001, 0:001
2 6

~4.605%107°.

|€I'I'OI'| =

<

~4251x107°.
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2 2 3

. . .o 1
34. Since the Maclaurin series is ——=1+x+x +---+x”+---,P3(x)=1+x+x +x°.

1—x

Since ‘ f ) (x)‘ =241 —x)_s, which is no more than 24(0.9)_5 when |x| <0.1, we may use

240097 |3 |of°
409’

M = 24(0.9)_5 and r =1, giving |R3 (x)| < . Thus, for |x| < 0.1, an upper bound for the

4

magnitude of the approximation error is —5 ~1.694x107%. Rounding up to be safe, an upper bound is
0.9

1.70x107%,
Alternate method:
Using graphing techniques, when |x| <0.1,

|err0r| = L—(1+x+)c2 +x3)

1-x

<L i =raixi07,

1-0.1
35. (a) No
(b) Yes, since
&y _ a2
dx
232 2
=1+(—x2)+( ) +-~+( ) +-
2! n!
4 2n
:1_x2+x__...+(_1)”x +...
2! n!
The constant term of y is y(0) = 2, and we may obtain the remaining terms of y by integrating the above
series.
3 5 2n+l1
y= 2+x_x_+x__...+(_1)” x—+
3 10 2n+Dn!
x2n—l
By substituting n — 1 for n, the general term may also be written as (—1)"_1 _
2n-D(n-1)!

(c) The power series equals the function y for all real values of x. This is because the series for e_x2

converges for all real values of x, so Theorem 2 of Section 10.1 implies that the new series also
converges for all x.

36. (a) Substitute —x for x in the Maclaurin series for In(1 + x) given at the end of Section 10.2.
2 3 n
In(1-x) O S S
2 3 n

() In i+—x=ln(1+x)—ln(1—x)
2 3 n 2 3 n
= x_x_+x__...+(_1)n_1x_+... + x+x_+x_+...+x_
2 3 n 2 3 n

2x3 2x5 2x2n+l
=2x+—+—+---
2n+1

4.
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570  Section 10.3
37. (a)

[—5 ﬂby[ 2,2]

The series approximates tan x.

NN

~Z L by -1, 4
The series approximates sec x.

38. False; if f’(a) happens to be 0, the linearization is a constant function.

39. True; the coefficient of xis f’(0).

3 5
40. D; 15—15 +i~1001
3! 5!

i _ "0 _ L

41. E; coefficient of x
12! 1’

12)
rP==1

42. B; consider the graphs of Y| = |F§(x)—cos(x)| and Y, = |Pl()(x)—cos(x)| in the window [-7x, 7] by
[0, 0.01]. The graph of y, intersects the top of the window, but the graph of y;, does not, so 10 is the

smallest value of n for which the maximum possible error on the interval [-7; 7] is less than 0.01.
Flotl Flotz FlotF
“MiBabs(ocos(Hr—1
LT W LB e
R T ]
x?aEab5(ca5(H)
AT i o ] +HAE-
/6 ! -X“BKB 1+4~187

i -

43. A
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44. (a) sinz(x):%(l—cosbc)

2 4 6 2n
1 1(1_(2@ Lot oo e +]

2 2

2! 41 6! 2n)!
_4 162t 64a®  256x° (1) 22
2:21 2-41 2.6! 2-8! 2-(2n)!
4 6 8 2n—1 _2n
T S SO AR 7 N S

345 315 (2n)!

4 6 8 2n—-1 _2n
o zmcosx:i[xz_x_+£_x_+...+<_1>n+12_x+..}

x 3 45 315 (2n)!

3 5 7 2n-1 5 = 2n-1
O S SO o e A S
3 45 315 (2n)!

3 5 7 2n-1  2n-1
:2x_4i A _8x ...+(_1)”+12—+
3 15 315 n-1)!

(c) Writing out the first few terms of the series for sin (2x) and simplifying will show that the beginning
terms match. The tricky part is matching up the general terms. It is helpful to take the series we got in

part (b) and carry it out to the (n+ D term:

3 2n-1_ 2n-1 2n+l)-1_ 2(n+D)-1
2sinxcosx=2x—4i+...+(_1)"+12—x+(_l)(n+l)+1 2 X
3 (2n-1D! Q2(n+D)-D!
3 2n—1__2n-1 2n+l  2n-1
=2x—4i++(_1)n+12 X +(_1)n+22 X +
3 2n-1! 2n+1)!
3 2n—-1 2n+l
ZZX_%_F_}_(_])H—] (2-x) +(—1 n (2)(:)

2n-1! 2n+1)!
=sin2x

45. (a) It works. For example, let n =2. Then P = 3.14 and P + sin P = 3.141592653, which is accurate to more
than 6 decimal places.

(b) Let P = m+ x where x is the error in the original estimate. Then
P+sin P=(mr+x)+sin (x+x)
=Zr+x—sinx
. N . .
But by the Remainder Theorem, |x —sin x| < ? Therefore, the difference between the new estimate

3
X
P + sin P and rxis less than %

i0 1 , . - S
46. (a) e’ +e =(cos¢9+zsm€)+(c0s( 0) +i sin (—6))

2
_cos@+isin@+cos@—isiné
2
_ 2cosé
2
=cosé
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47.

48.

49.

50.

Section 10.3
) el — o710 _ (cos@+1i sin @) —(cos (—0) +i sin(—0))
2i 2i
_ (cos@+isinf)—(cos@—isinb)
2i

_ 2isin@

2i
=sin @

Note that f(-1) = % The partial sums of the Maclaurin series z (=D" are 1,0, 1,0, 1, and so on, so the
n=0

s

remainders are —

H

_yntl _\ntl
, and so on. Thus R, (-1) = =D , and lim (%) #0.

1
2 2 n—soo

N | —
N | —
N | =

First, note that f(x) =(1— x)_l, so repeated differentiation gives f (n+D) X)) =m+D!d- x)_("+2). Therefore

=t (-1-0)""!
R,(-D=f (C)—(l’l-l-l)!

_ ey D™
(n+)!(1-c) D!

~ (- 1)n+l

= n+2,where —-1<e<O.
(I-¢)

(_1)n+l (_1)n+1 ~ (_1)n+1

From Exercise 47, we have R, (-1) = , SO

= . Solving, we find that (1—¢)"2 =2,
2 2 (1_ C)n+2 g ( )

1
from which we get ¢ =1- 2(’”2). (Note that, indeed, —1 < ¢ <0.)

The derivative of the right-hand side is
. 2 AV
6;—152 (a+ibelatibix 2 & 2—(152 Qla+ib)x
a“+b a“+b
2 2
_a"+D" (a+ib)x

a’+b>
— e(a+tb)x,

which confirms the antiderivative formula.
J.eax cos bx dx+i_|-eax sin bx dx = J'e(aﬂ'b)x A
a—=ib_ (a+ib)x
2 26
a +b
a—ib .
=——5 ¢ (cos bx+isin bx)
a +b

ax
= ; 5 (a cos bx+b sin bx —ib cos bx + ia sin bx)
a“+b

ax
= [6—] [(a cos bx+b sin bx)+ i(a sin bx—b cos bx)]
2 2
a“+b
eax
Separating the real and imaginary parts gives Ie“" cos bx dx = ﬁ(“ cos bx+b sin bx) and
a“+b
ax

j €™ sin bx dx = (a sin bx —b cos bx).

a*+b?
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Quick Quiz Sections 10.1-10.3

> &z 1 &2
L D; 3 2nzz(_2j - _%: 2
e

n=0¢€ n=0\¢€ 1

6x> 12x°

2. A 2- 1x+2—+ =2—x+3x2 +2x°

r__ v
x 1+(x-1)
Substitute (x—1) into the Maclaurin series for

3. E;

L to obtain the series: z D" (x-D"
1+x =0

4. (a) Since the series is geometric, it converges

if and only if || <1, where r =%2.

x+2

<1=|x+2/<3=-5<x<l. The
interval of convergence is (-5, 1).

(b) The series is geometric with first term 2

. x+2
and common ratio r = ——. It therefore

2
converges to =—.
X —

Section 10.4 Radius of Convergence (pp. 507-516)
Exploration 1 Finishing the Proof of the Ratio Test

1

1. For ‘L= lim 2L = Jim =1,
z n—yoo i n—oon+1

1

— 5 2
m 0 Ty

o L et ))?

For Z— L=
n

2. (a) j“’ldxznm In x
I x k—>o0

llcj: lim In k = oo.

k—yo0

(b) —dx— hm( x‘l‘{‘)
k—>oc0
= lim [—1+1j
k—eo\  k
1.

Section 10.4 573
. 1.
3. Figure 10.14a shows that Z— is greater than
n

o] . . .
L — dx. Since the integral diverges, so must
X

the series.

Figure 10.14b shows that Z% is less than
n

1+j —dx

Since the integral converges, so must the
series.

4. These two examples prove that L = 1 can be
true for either a divergent series or a
convergent series. The Ratio Test itself is
therefore inconclusive when L = 1.

Exploration 2 Revisiting a Maclaurin Series
| |n+1

X
1. L=Im —' —
n—ee n+1 |x|”

The series converges absolutely when |x| <1,

so the radius of convergence is 1.

2. When x = —1, the series becomes

2 3 n
Each term in this series is the negative of the
corresponding term in the divergent series of

. |
Figure 10.14a. Just as Z— diverges to +oo,
n

this series diverges to —oo .

3. Geometrically, we chart the progress of the
partial sums as in the figure below:

1 |
2 1

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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Section 10.4

4. The series converges at the right-hand

endpoint. As shown in the picture above, the
partial sums are closing in on some limit L as
they oscillate left and right by constantly
decreasing amounts.

We know that the series does not converge
absolutely at the right-hand endpoint, because

Zl diverges (Exploration 1 of this section).
n

Quick Review 10.4

1.

|

lim —— =4 lim —— =]
n—oo N+ n—oon+1

eI 2
lim M=|x—3|- lim —~

n—oo }’l(}’l—l) n—e p< —p

. 1
=3[ lim =
n

=|x—3|

n
.
lim —=0
n—seo n!
(Note: This limit is similar to the limit which
is discussed at the end of Example 3 in Section
10.3.)

4 2
lim (n+1) 4x
n—e  (2n)
2 .. n* +4n’ +6n° +4n+1
=x" lim
n—eo 16n*
= x2 i
16
2
=X
16
n+l ~n
T2 2x#d| 2x+]
1m = l1m =
n—seo pitl |2x+1|” n—eo 2 2
Since n® >5n implies n > 5, take

a,=n*b,=5n, and N =6.
Then a, >b, forall n=N.

1.

2.

. Since n

. Clearly, as = bs. (They both equal 5°.)

Using a calculator to graph the functions X

and 5%, we see that 5% > x> for x > 5.
Take a, =5", b, =n° and N =6.
Then a, >b, forall n=N.

Since0< 1, Inn< \/; for n=1. Using a
calculator to graph the functions In x and \/;,
we see that v/x > Inx forx> 1.

Take a, =~/n, b, =Inn, and N = 1. Then
a,>b, forall n=N.

. Using a calculator, we find that 10 > 24!,

but 10> <251, so <—L Graphing the

105 25!
functions L and i, we see that L>i
10* x! 10*  x!
for x > 25. Take a, :L, b, :L, and
10" n!

N=25.Then a, >b, foralln=N.

2 <»3 forall n>1, it follows that

L2>i3=n_3 for n>2. Take

b,=n">, and N =2. Then a, >b,

n

n
1

a, =—

n o
n2

forall n>N.

Section 10.4 Exercises

—6 < x < —4; the graph of the function

y= - and P5(x) illustrates the support.
x+4

[-8, 0] by [-5, 5]

—1 <x < 1; The graph of the function

y= IL and By(x) illustrates the support.
—x

_/

[-1, 1] by [-5, 8]

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



10.

11.

3n 3n 3\n
X X X
< S( ) and
2n!'+1  n! n!

& ()"

is the

|
n=0 n.

3
Taylor series for ¢* which converges for all
X.

2n 2n 2\n oo 2\n
X X S(x) andz(x)

<
n'+2 n! n! — n!
n=0

is the

2
Taylor series for e* which converges for all

X.

n n oo
cos X COos X 1 1
( ) S| | <— and E —
w4+l |7 ol Talt Sl

converges to e.

2(sin x)"

n!'+3 |‘ n!

. n oo
<2|s1nx| Si and zi
n! pr 3

converges to 2e.

This is a geometric series which converges
only for |x| <1, so the radius of convergence

is 1.

This is a geometric series which converges
only for |x+ 5| <1, so the radius of

convergence is 1.

This is a geometric series which converges

only for |—(4x+ 1)| <1, or

1
xX+—
4

1
< —, so the
4
. 1
radius of convergence is Z

|n+1

|3x—2
n+l1 |3x_2|”

] \
lim |22 = Jim
n—ee| d, n—oo

=|3x—2|

The series converges for |3x— 2| <1, or

< %, and diverges for

xX——] x——>l, )
3 3] 3

. .1
the radius of convergence is 3

This is a geometric series which converges

only for s <1, or |x—2|<10, so the

radius of convergence is 10.

12.

13.

14.

15.

Section 10.4 575

lim [2241 = im (4 D™ n+2
n—eo| d, n—yoc0 n+3 n|x|"
. n% +3n+2
=|x|- lim —
n—ee  p“43p
=1

The series converges for |x| <1 and diverges

for |x| > 1, so the radius of convergence is 1.

lim [ = Jim o mn3"
noe| dy | noe (nahn+1 3|y

|x| n 3/2
L. (_j
3 noe\n+l1

i
3
The series converges for |x| <3 and diverges

for |x| >3, so the radius of convergence is 3.

a |x|2n+3 .
lim |2 = lim =
n—eo| d, n—eo (n+1)! |x|2”+1
2
. X
= lim —
n—e n+1

The series converges for all values of x, so the
radius of convergence is oo.

(n+D]x+3""!
m

5n+l

Sn

n|x+3|n

An+l —
a

li

n—oo

lim

n—oo

|x+3| . on+l
=—-:lim —

n—eo N
_|x+3|

5
The series converges for |x +3| <5 and
diverges for |x+3| >5, so the radius of

convergence is 5.
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16.

17.

18.

19.

Section 10.4

Aptl
a,

lim
n—eo

1
D" 4@ 4
o A2 411 g
3 2

|x| . n+n " +n+l
=—-lim —

4 n—eo 3125 +2n
_H

4

The series converges for |x| <4 and diverges

for |x| > 4, so the radius of convergence is 4.

| (D™

li
n—ee pl |x - 4|n
= lim (n+1)|x—4|
n—yoo
=oo (x#4)
The series converges only for x =4, so the
radius of convergence is 0.

lim

n—oo

ap

1
e R .
n—eo| a, n—seo 3t \/;|x|”

_M. lim n+l1

n—o0 n

The series converges for |x| <3 and diverges

for |x| >3, so the radius of convergence is 3.

. ‘(—2)”+l (n+2)|x—1""
lim [~ = lim
e @, | e ‘(—2)” (n+Dx—1]"
= 2f—1]- lim 22
n—e n+1
=2|x—1|

. 1
The series converges for |x —1| < 3 and
diverges for |x—1| > %, so the radius of

.1
convergence is rY

20.

21.

22,

23.

2n+3
4x-5 32
lim|an+1|= hm | |3/2 . n —
n—oes| a, | n—e (n+1) |4x—5| nt
n 3/2
=(4x-5)> - lim (—j
n—eo\ n+1
= (4x-5)
The series converges for (4x—5)2 <1, which
is equivalent to |4x —5| <1, or x—% <i and

diverges for x—% > i The radius of

.1
convergence 18 Z

lim |“24L] = fim ™
n—eo| d, n—co \/n+1 |x+”|"
“ |+ tim [
n—oo n
=|x+7]

The series converges for |x +ﬂ'| <1 and

diverges for |x+7t| >1, so the radius of

convergence is 1.

lim |%ntL
n—oo an
2n+3
= 1im|(x_*5) o |
T e o+l 2n+1
(x—+2)

The series converges for %(x— \/5)2 <1,
which is equivalent to ‘x —J2 ‘ <2 , and
diverges for ‘x—\/z‘ >/2. The radius of

convergence is V2.

This is a geometric series with first term a = 1
(x=1?

and common ratio r = . It converges

(x—1)

<1, so the interval of

only when

convergence is —1 <x < 3.
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=4—(x—1)2
4

—x?+2x+3
_ 4

2 —2x-3

24. This is a geometric series with first term a = 1

25.

26.

and common ratio r = . It converges

x+1)°
9
(x+1)2

only when <1, so the interval of

convergence is 4 < x < 2.

Sum -4
1

9 (x+1)2
9

—x2 —2x+8
9

x? +2x-8

This is a geometric series with first term a = 1

. X
and common ratio r = > 1. It converges

only when X< 1, so the interval of

convergence is 0 < x < 16.

Sum = a_ _ 1 2

I=r 1—(?-1):4—«/;

This is a geometric series with first term a = 1
and common ratio r = In x. It converges only

when |1n x| <1, so the interval of convergence

1
1S —<x<e.
e
a 1
Sum=—=

I-r 1-In x

Section 10.4 577

27. This is a geometric series with first term a = 1

28.

29.

30.

31.

32,

33.

2

and common ratio . It converges only

2

when

<1, which is equivalent to

2<x? <4 Itis always true that X2 > -2,
and x% <4 implies that |x| < 2, so the interval

of convergence is —2 < x < 2.

Sum=L
1_

This is a geometric series with first term a = 1

and common ratio si121x' Since ISi; xI <1 for

all x, the interval of convergence is
—oo < X < oo,
a 1 2
Sum = = — = -
1-r 1- % 2—sinx

Diverges by the nth-Term Test, since

lim ——=1%0.
n—eon+1

Diverges by the nth-Term Test, since
n

lim

n—e n+1

used.)

= oo, (The Ratio Test can also be

Converges by the Ratio Test, since

2 n
lim &L — Jim ("”)1 L 22 1
n—ee d, n—eo Nt ne—-1 2

<l1.

Converges, because it is a geometric series

with r:l, SO |r|<1.
8

Converges by the Ratio Test, since
2i’l+1 n +1 2

lim %t =y 2 L2
n—eo d, n—o (3”+1 +1) 2" 3
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34.

35.

36.

37.

38.

39.

40.

Section 10.4

Alternate method: Note that

= 2 n o 211
all n. Since Z(gj converges, z

n=1 n=1 3” + 1
converges by the Direct Comparison Test.

Diverges by the nth-Term Test, since

n—oo n n—oo (L)
n
. sinx
= lim (where xX=—
x—-0 X
#0
Converges by the Ratio Test, since
2 -n-1
. a . (n+D)7e -
lim —2L = Jim %=e Tel.
n—oo al’l n—oo n‘e n

Converges by the Ratio Test, since

Gt _ . (n+D'° 10" _1,

noe 10" 10 10

lim
n—o0 an

Converges by the Ratio Test, since

fo Qo _ (DL 33"
n—e @,  n—>e3l(n+1)13" (n+3)!
n+4

= l1um
n—eo 3(n+1)
1

=—<1.

Diverges by the nth-Term Test, since

Yy
lim (1+—j =e#0.

n—o0 n

Converges, because it is a geometric series

with r:—g, SO |r|<1.
3

Diverges by the Ratio Test, since
lim 2ot _ jiy (EDYE

n—ee a, n—oo n! e_n

= lim (n+De!
n—oo

= oo,

(The nth-Term Test can also be used.)

n

)

2" 2
<(—j for
341 \3

41. Diverges by the Ratio Test, since

n+l 340
lim 914 — fim 3 2
n—ee @,  n—e(p+])°2" 3"
. 3n°
n—e (n+1)°(2)
:§>1.
2

(The nth-Term Test can also be used.)

42. Converges by the Ratio Test, since

Gpei _ (4 DIn(nt]) 2"

lim
2n+1

n—e a,

n—soo nlnn

_ iy Lot InGntD)

n—e?2 n Inn
1

_ fim L1 0D
n—e2 1 1/n
(L’Hopital’s Rule)
1 . n
=—-lim -——

2 n—e n+l1
:l<1

2

43. Converges by the Ratio Test, since

! !
lim Apl _ lim (n+1)! . 2n+1)!
n—e @,  n—w((2n+3)! n!
. n+l
= lim ——
n—eo (2n+3)(2n+2)
n+1

= lim ————
n—=4n” +10n+2

= lim
n—eo 8N+

=0<1

44. Converges by the Ratio Test, since

n+D! A"
n+l  pi

an+l — 11
e (n+1)
(n+Dn"
n+l

lim
n—e @,

= lim
n—e (p+1)

n
. n
= lim | —
n—)m(l’H—l)
. 1
= lim -
n—soo 1
(1+3)
:l<1
e

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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45.

46.

47.

48.

49.

One possible answer: Zl diverges (see 50.

n=1
Exploration 1 in this section) even though

o1
lim —=0.
n—eo n

One possible answer:
Let a, =27" and b, =37"
Then Zan and an are convergent

n
. . a 3.
geometric series, but Z—" = Z —| isa
b, 2
divergent geometric series.

Almost, but the Ratio Test won’t determine
whether there is convergence or divergence at
the endpoints of the interval.

- 1
Z_: 4n— 3)(4n+l)_z(4n 3_4n+lj

n=l1

N (1 1) (1 1 1 S1.
s3={1-=|+| === |+| === |=1-—
5) 5 9) 19 13 13
1
s, =1—
" dn+1
S=lim s, =
n—oo
S 25
Z@en-nD2n+l) Zl2n-1 2n+l
3
S1=3—§

Section 10.4 579

40n __ A B
Qn-122n+1)* 2n-1° Q2n+1)?
ACn+1)2 +B2n—1) = 40n

n=—%:4B=—20:B=—5
n=%:>4B=203A=5

i 40n
S en-D*C2n+1)?

5
_,121[(2;1 )2 (2n+l)2}

5 5 5 5 5 5
s3=|5==|+| === |+| =——|=5-—
9 9 25 25 49 49

s, =5- > 5

2n+1)

S=lims, =5
n—oo

2n+l A B
n2n+1)? n? (m+1)?
An+1)% +Bn® =2n+1
n=0=A=1
n=—-1=B=-1

< 2n+1 (1 1
Enz(n-i-l)z ,,Z:‘i(nz (n+1)2]

1 1 1 1 1 1
0 ) A iy M R T BT
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52. 5 =1-—

oL

4

s, =1-— !
n+1
S=1lim s, =1

n—yco
N
In3 In2

oo L L) (L _t)_ 1t _ 1
27 \m3 m2) (In4 In3) In4 In2

oo LUttt v
37(m3 m2) \In4 n3) {In5 In4

11
In5 In2
1 1
§,=———————
In(n+2) In2
S = lim s, :—L
n—eo In2

54. 5 = tan '1—tan"! 2= %— tan~' 2
5y = (tan_1 1—tan”! 2)+ (tan_1 2—tan”! 3)
_r_ tan~' 3
4
s3=(tan"1—tan"' 2)+(tan' 2—tan"! 3)+ (tan"' 3—tan "' 4)

=2 tan'4
4

S, = %—tan_l(n +1)

. T 1. T T
S=1lm s,=—-1lim tan” n=—-—=——
n—e n—seo 4 2 4

55. True; see Theorem 8.

56. False; the power series Z c,(x—a)" always converges at x = a. (The sum series is ¢.)
n=0
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n+l
57. B: lim |9l = 2

n—eo| d,

(3"
2}’!

lim

n—oo

(_3)n+1

= lim —
n—yco

|2 _3|n+l n
n+l |2x_3|”

58. C: lim |22+l =

n—eo| A,

lim

n—oo

=[2x-3- lim ——

n—eo n+1

=|2x—3|

The series converges for |2x—3| <1, which is

. 3
equivalent to [x——

< %, and diverges for

3
=2
2

> % The radius of convergence is %

59. E; consider first the series

. n
> |sm x|

2 |an| =2,
n=l1 n=l1

For any real number x, and for all n:

2" n?

|sin x|n < 1 1

< < —
2" oM

Since Z[%) converges, z
n=1

converges by the Direct Companson Test.

2" n?

|SlI1 X|

(sin x)

Then, by Theorem 8, since Z
n=1 2 n

converges absolutely, it also converges.

- 3 | 1

_ _ 64.
= (Gn-DGn+2) “Z3n-1 3n+2

60. D;

[Vﬂ

©
=
|
N | — L
=
| —
—_

“
[0
Il

[
[\S)
I
7 N/ N\
|
|
W |

1 1 1 1 1 1
Ho—= |+ == |=——
5 8 8§ 11) 2 11

m (Lo L |1
nse\2 3n42) 2

| —
|
| —
ol R

| —

1)
|

61.

62.

63.

Section 10.4 581

(a) For k <N, it’s obvious that

Sk

=a+-ta <attay t+ Z Cy-
n=N+l1
Forall k> N,
S =ay+--
=ay+--
<apt--

+ak
+aN +aN+l+"‘+Clk
+aN +CN+1+"'+Ck

+ay+ Y. ¢,
n=N+l1

<aj+-

(b)

Since all of the a, are nonnegative, the

partial sums of the series form a
nondecreasing sequence of real numbers.
Part (a) shows that this sequence is
bounded above, so it must converge to a
limit.

(a) For k <N, it’s obvious that

dy+-+dy <dj+-+dy+ Y a,.
n=N+1

Forall k> N,

dy+---+d;

=d|+-+dy+dy, g+ +d;

Sdi+-+dy+ayg -t

<dy+-+dy+ Y a,
n=N+1

(b) If Zan converged, part (a) would imply

that Zdn was also convergent.

Answers will vary.

[ S
—=)>x

Differentiate:
Z nx"
(1-0% 20
Mult1ply by x:
Z nx"
(1-0% 20

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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Differentiate:
d X _ (1—X)z(l)—(x)@)(l—x)(—l)
dx{ (1-x)* (1-x*
_ (I-x)+2x
(1-x)’
_ x+1
(1-x°
x+1 < 2 n-1
= > n°x
(1-x’ Z:E)
Multiply by x:
x(x+D) & 2,
= n°x
(1-x° go
1
Let x=—:
2
1(3 n
3(3) 52 [lj
TR
2
oo l’l2
6= —
n=0 2"

The sum is 6.

Section 10.5 Testing Convergence at Endpoints
(pp- 517-530)

Exploration 1 The p-Series Test

1. We first note that the Integral Test applies to

. 1 .
any series of the form Z—p where p is
n

positive. This is because the function

f(x)=x"? is continuous and positive for all

x>0,and f(x)=—p » x 77! is negative for

all x> 0.
Ifp>1:
—-p+l k
—dx=lim || —dx= lim
1 X k—>c0 X k—>c0 —p+11
= lim R -1
k—oo\ 1= p \ kP!
—0+L (since p—1>0)
p-
1
=—<
p—1

The series converges by the Integral Test.

2, If0<p<l1:
oo k
j L= tim [
k
T
= lim
k—e| —p+1 .

= lim (L-(kl"’ —1)]
k—eo\ 1—p

=oo (sincel—p>0).
The series diverges by the Integral Test.
If p <0, the series diverges by the nth-Term

Test. This completes the proof for p <1.

3. If p=1:
(e} k
jldx=1im Lo
1 xp

k—eo?l x

= 1im (ln x]f)

k—>o0

= lim In k
k—>o0

= oo,

The series diverges by the Integral Test.

Exploration 2 The Maclaurin Series of a Strange
Function

1. Since £ (0)=0 for all n, the Maclaurin
Series for f'has all zero coefficients! The series

is simply Z 0-x" =0.
n=0

2. The series converges (to 0) for all values of x.

3. Since f(x)=0 only atx =0, the only place

that this series actually converges to f(x) is at
x=0.

Quick Review 10.5

1. Converges, since it is of the form J‘lmLp dx
X
with p > 1.

2. Diverges, limit comparison test with integral

ofl.
X

. . o 1
3. Diverges, comparison test with integral of — .
X
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10.

Converges, comparison test with integral of
2

x2

Diverges, limit comparison test with integral

ofL.

Jx

Yes; f(x)=§>0forx>0.
X

f’(x)=—%<0forx¢0.

X
Therefore fis positive and decreasing on
(0, ).

Tx
-8
or when x <0 and x? <S8.

2
f'(x)=—7(;—+82)<0 for x* #8.

(x" -

Yes; f(x)= >0 when x >0 and x* > 8,

Therefore, fis positive and decreasing on
(2\/5, oo). (Also on (—2\/5,0), but that is not
the kind of interval we are looking for.)

3+ x2

No; f(x)= 2>()mﬂywha13—x2>0

3—x
so f(x) is positive only for —B<x<A.
No; on any interval (N, o), will oscillate

between —1 and 1, so f(x) will oscillate
between positive and negative values, as well.

No; x>1 implies l<l, SO f(x)=1n[lj<0
X X

for all x>1.

Section 10.5 583

Section 10.5 Exercises

(e} k
L= tim [“x"ax

13 k—o0¥1
k
. 3
= lim | 2x?/3
k—oo| 2 1

=1hn(§ky3—308
2 2

1.

k—>oo
= o0

Since Lm%dx diverges, it follows from the

X

Integral Test that z % also diverges.
n=1Nn

o _ . k _
2. I x 2 dx = lim I x 2y
1 k—oo?l

1 k
= ﬁnl{—u—x_yz}

1 1
= lim | ———=+—+
/Hw( Wk 2 j
=O+l

2

Since L x4y converges, it follows from

the Integral Test that Z n32 also converges.

n=1
3. 51:1
1 3
Sy =1+—==
2 2
g 23,1 n
2 3 6
1 1 50 25
S4=—+—=—=—
6 4 24 12
25 1 137
S5 =t —=—
12 5 60
1371 147 49
760 6 60 20
4. The quickest way is to use a calculator.
1Mz 1T 1
|‘~|+1-3*H='|"+1--"|'~|-3'T1 =
1.833333333
2. 883333333
2. 2BIZIIRIE

Notice that T contains Sy .
Keep pressing ENTER until T > 4.
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H

31 is the first value of N for which Sy > 4.
Therefore, k =31.

behaves like E
n~+1 n
Let 4y =22~ L ana 5, =L
n°+1 n
Then a, >0 and b, >0 for n>0, and

. For n large,

. a
¢= lim 2
n—eo b,
Gn-1)
_ lim 24D
n—oo -
n

. n(Bn-1)
= lim —
n—ee p 41
. 3% —n
= lim 3
n—ee p< 41
1

n

= lim

n
=3

Since 0 < ¢ <o, and zl diverges (by the

n=1

p-Test), z 3l diverges by the Limit
2
n=1 N +1

Comparison Test.

n 2}’1
. For n large, behaves like —.
3" +1 3"
n n
Let a, = 2 and b, =2—.
3" +1 3"

Then a, >0 and b, >0 for n=>0, and

. a
c=lim 2

n—eo b,

[ o }
_ i LG
= lm -——-

oo n
Since 0 < ¢ <o, and z (%) converges

n=1

. . . 2 > 2"
geOmetrlC series with r = — , E

converges by the Limit Comparison Test.

. Diverges

Method 1: Use the Integral Test with
midx.
I x+1

Method 2: Use the Limit Comparison Test

with z 1 (which diverges by the p-test).

n=l1

. Diverges

. . = 1
Method 1: Rewrite the series as 3 Z‘ian and
n=

use the p-test.
Method 2: Use the Integral Test with

o 3
—=dx.
.[1 \/;
Method 3: Use the Direct Comparison Test
with z 1 (which diverges by the p-test).
S\
Method 4: Use the Limit Comparison Test

with z % (which diverges by the p-test).
i Vn

. Diverges

Method 1: Use the Integral Test with
ro Inx

—dx.
I x

Method 2: Since Inn >1 for n >3, use the
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10.

11.

12.

13.

14.

Direct Comparison Test with z 1 (which
n=1

diverges by the p-test).

Method 3: Use the Limit Comparison Test

with zl (which diverges by the p-test).

n=1

Diverges
Method 1: Use the Integral Test with

o ]
I dx.
I 2x-1
Method 2: Use the Limit Comparison Test

with z 1 (which diverges by the p-test).
n=1

Method 3: Use the Direct Comparison Test:

1 11

2n—1<2n= >—=——
2n—=1 2n 2 n

Compare the given series with 1 zl (which
n=1

diverges by the p-test).

Diverges; geometric series with
1

r=——-=1.44.

In2
Converges; geometric series with
r= L =091.

In3

Diverges by the nth-Term Test:

ALY

lim nsin| — |= lim ————
n—oo n n—oo 1
n
. sinx

= lim

x—0 X

=120

Converges

Method 1: Use the Integral Test:
oo X k

I ¢ 5o dx = lim tan~! (%)
0 142 k—>e0 0

= lim tan_l(ek)—tan_l(l)

k—o0

T_Z

2 4
_r

4

15.

16.

17.

Section 10.5 585

Method 2: Use the Direct Comparison Test:
e e’ 1Y
< =|—
1+ " (6 j

, & (Y
Compare the given series with Z (—j
n=0\¢

. . . 1
(geometrlc series with r = —= 0.37).
e

Method 3: Use the Limit Comparison Test

(1Y o
with z [—j (geometric series with
e
n=0

r= 1 = 0.37).
e
Converges

Method 1: Use the Direct Comparison Test:

Vi _Nn_ 1

2 n3/2

n+l n

Compare the given series with Z =7
n=17

(which converges by the p-test).

Method 2: Use the Limit Comparison Test

R | .
with ,,Z_i T (which converges by the p-test).

Converges; use the Limit Comparison Test.

3_
Let a, =&andbn - L

n>(n+2)(n” +5) n?
Then a, >0and b, >0forn =1, and
5 23
e = lim = lim — S’Z 3’;‘ =5
n—eo b, n—eep® 421" +50° +10n

. — 1
Since 0 < ¢ <o and 2—2 converges by the
n=17

oo 3
S5n” =3
p-Test, z n " also converges.

SnPm+2)(n +5)

Diverges; use the nth-Term Test:
-1 1+-L
. 3Tl 1
lim a, = lim =lim ——=—%0
n—oo n—oe 3" n—e 3 3
Since the sequence of terms does not converge
to O, the series diverges.

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



586

18.

19.

20.

Section 10.5

First, check if the series converges absolutely.

. . |
Use the Limit Comparison Test with Z — to
n=2"

show that Z L diverges. So,
= nn

z D" i does not converge absolutely.
s Inn

Next, use the Alternating Series Test.

1) u, =L>Oforn22.
Inn

(2) We know that In x is an increasing
function, so
n+l1>n=In(n+1)>Inn

< L Thus, the u, are
In(n+1) Inn

decreasing.

=

(3) lim u, = lim L:0
n—soo n—eo Inn

Therefore, z (—1)"L converges.
o Inn

Diverges by the nth-Term Test. Use
L’Hopital’s Rule ten times to show that:
X 101 X
im 20— iy (10107
xoe0 (10 e 10!
This implies that
. < n+l 10" .
lim |an| #0, so Z(—l) —— diverges.
n—oo 10
n=1 n

Converges by the Alternating Series Test. If

\/;+1

u, = , then {u,} is adecreasing
n+l1
sequence of positive terms with lim u, =0.
n—»eo

(To show that u,, is decreasing, let

\/;+1

X+

G| ) -+

f)= a1

_ 1—x—2x/;
2x+1)2x

which is negative, at least for x >1.)

and observe that

f)=

21.

22,

23.

Diverges by the nth-Term Test, since

Inn Inn 1 . .
= —, which means each term is

mal 2Inn

ry
2
Diverges by the Limit Comparison Test:
Let a, :l—% and b, :l.
n n n

Then a, >0 and b, >0 forn =2 and

1_1
2

. a . n
lim 2= lim L

n—se b,  n—eo

S =

. n—1
= lim —
n—eo N

= lim [l—lj
n—oo n

=1.

Since an diverges, Zan also diverges.

n=l1 n=1

Converges conditionally. First, check for
absolute convergence:

Dla,|= = (l—i—%] diverges by the Direct
n=1 n=l\n p

. . 1 1 1 = 1
Comparison Test, since —+— > — and z —
n 52 n n

n n=1

diverges (by the p-Test).

Therefore, Z =n" n_-;l does not converge
n=l1 n

absolutely.

Next, use the Alternating Series Test to check

for conditional convergence:

@) un:l+%>0 Clear
n n

d(l 1 I 2
2) —|—+—|=———-—5<0,forx>0.
@) dx[x xz] 2 3

x° x
Thus, the u, are decreasing.

mlm%ﬂmG+ﬂw

n—oo n—ee\ N p

< an+l

Therefore, Z =D —~ converges.
n=l1 n

Truncation error after 99 terms
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24,

25.

26.

Converges absolutely.

Z |an| = Z (0.1)" is a geometric series with
n=1 n=1
r=0.1. Truncation error after 99 terms

Converges conditionally. First, check for
absolute convergence:

ZIGI—Z

n2n

diverges by the Integral

Test, since f: dx = klim [ln|ln xus =
ﬁoo

xlnx

Therefore, z (=)' —— does not

= nlnn
converge absolutely.

Next, use the Alternating Series Test to check
for conditional convergence:

1 u, = >0forn=2.

nlnn

(2) In x is everywhere increasing, so
n+l>n=In(n+1)>Inn
= m+DIn(n+1)>nlnn
1 1
= <
(n+DIn(n+1) nlnn
Thus, the u, are decreasing.

(3) lim u, = lim !

n—>o0 n—enlnn

=0

Therefore, z ™! L

s nlnn
Truncation error after 99 terms
< |uy00| = 0.00217

converges.

Converges absolutely

oo oo n
Z |an| :z n? (%j converges by the Ratio
n=1 n=1

Test, since

Truncation error after 99 terms
<y = 2.46x10714

27.

28.

29.

Section 10.5 587

Diverges by the nth-Term Test:
!

lim |a | = lim =

n—soo n—sc0 Q"

= oo

Since the terms do not converge to 0,

Z( 1)n+1

d1verges

Converges absolutely
|sm n|

Since |an| = <—2, use the Direct
n n

. o 1 .
Comparison Test with Z - (which
n=11
converges by the p-test).

Converges conditionally; first, check for
absolute convergence:

i |an| :i 1+1\/; diverges by the Limit

Comparison Test (use z \/_ which diverges
by the p-Test).

Therefore, Z

does not converge
I+ J‘

absolutely.

Next, use the Alternating Series Test to check
for conditional convergence:

) u, = > (0 Clear

1
1+Jﬁ
2) n+l>n=>+n+l >\/;
:31+Vn+1>1+J;

1

1
= <
1+n+1 1+\/Z

Thus the u, are decreasing.

3) lim u, = lim =0
©) n—yoo n—e | +4/n

- (="
Therefore, Z converges.

n:11+\/;
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30.

31.

32,

Section 10.5

Converges absolutely

|cos n7z|
= hich
anJ_| ;;nJ_| 3 Ve
converges by the p-Test.
Converges conditionally
COSNTT D" &1 .
ZI n I ZI | Z; (which

n=l1

diverges by the p-Test).

(e}
cosnzw
Therefore, Z
n

does not converge
n=l1

absolutely.

Next, use the Alternating Series Test to show

oo o n
that Z cosnz =z )] converges. (See
n

n

n=l1 n=l1

Example 4).

Converges conditionally; first, check for
absolute convergence:

diverges by the Limit

Z|a| Z[JM/—
1

Comparison Test. Let a, =————— and

\/;+\/n+1
1
bn =ﬁ.

. a
c= lim &

n—se b,

Then

. Jn
= lim
n—eo~n ++n+1

= lim !

noe 141

1
2

Since 0 < ¢ <eoand z \/, diverges (by the

p-Test), z \/_+ = also diverges.
n n

(-D"
DI e

Therefore, does not converge
absolutely.

Next, use the Alternating Series Test to check
for conditional convergence:

1 u, =;>O Clear

\/;+ n+l

2) Jn+l+vn+2>n+n+1

1

1
= <
Van+l++n+2 \/Z+ n+l

Thus, the u,, are decreasing.

(3) limu, = lim —————=0

n—eo n%oo\/_+\/n+

Therefore, converges.

"
Zm —

. The positive terms

4 6 2n+2 .
24— sttt diverge to oo
35 2n+1)
and the negative terms
35 7 2n+1 .
G I e S S diverge to
27 47 6 (2n)

—co . Answers will vary. Here is one
possibility.

(a) Add positive terms until the partial sum is
greater than 2. Then add negative terms
until the partial sum is less than —2. Then
add positive terms until the partial sum is
greater than 4. Then add negative terms
until the partial sum is less than —4.
Repeat this process so that the partial
sums swing arbitrarily far in both
directions.

(b) Add positive terms until the partial sum is
greater than 4. Then add negative terms
until the partial sum is less than 4.
Continue in this manner indefinitely,
always closing in on 4.

34. The positive terms

1 1 1 1
+ + ot

3In3 5In5 7In7

2n+1)In(2n+1) "
diverge to o and the negative terms

1 1 1 1
" 2In2 4In4 6In6 (2n)In(2n)

diverge to —oo . Answers will vary. Here is one
possibility.

(a) Add positive terms until the partial sum is
greater than 1. Then add negative terms
until the partial sum is less than —1. Then
add positive terms until the partial sum is
greater than 2. Then add negative terms
until the partial sum is less than —2.
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35.

36.

37.

Repeat this process so that the partial
sums swing arbitrarily far in both
directions.

(b) Add positive terms until the partial sum is
greater than 4. Then add negative terms
until the partial sum is less than 4.
Continue in this manner indefinitely,
always closing in on 4.

oo (=]

n . . .
D la,|=D  |A|". geometric series with
n=1 n=1

r= |x| The series converges absolutely for

|x| <1, diverges for |x| >1.

(a) Interval of convergence: (—1, 1)

(b) Series converges absolutely on z

3/2
n=11

(c) None

i |an| =i |x+5|n , geometric series with
n=l1 n=1

r= |x +5|. This series converges absolutely

for |x+5| <1, diverges for |x+5| >1.

(a) Interval of convergence: (-6, —4)
(b) Series converges absolutely on (-6, —4)

(¢c) None

i |an| :i |4x + 1|n , geometric series with
n=1 n=1

r= |4x+ 1|. The series converges absolutely

for |4x+ 1| <1, diverges for |4x+ 1| >1.

(a) Interval of convergence: (—%, 0]

(b) Series converges absolutely on (—%, 0].

(c) None

38.

39.

Section 10.5 589

IR L T |
Z |an| =Z— ; use the Ratio Test.
n=l1 n=l1 n

n+l

_3x-2] n
lim .
[3x—2["

n—oo n+l

=[3x—2|- lim ——
n—eo n+1

= |3x - 2|
The series converges absolutely for

|3x—2| <l,orxe (%, lj;
the series diverges for |3x— 2| >1

Check x=1: zl diverges by the p-Test.

n=l1

=D"

n

Check x = l: z

n=1
absolutely, but it converges conditionally by
the Alternating Series Test.

does not converge

(a) Interval of convergence: {%, 1)
. 1
(b) Series converges absolutely on (5, 1).

. . 1
(c) Series converges conditionally at x = 3

n

i |an| = i ;2 , geometric series with
n=l1 n=1
x=2
r= .
10

—2 <1,

. X
The series converges absolutely for

>1.

. X
diverges for

(a) Interval of convergence: (-8, 12)
(b) Series converges absolutely on (-8, 12).

(¢c) None
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40.

41.

42,

Section 10.5

oo oo n
Z |an| = Z n|j:|2; use the Ratio Test.
n=l1 n=l1 n

R T
lim .
n—eo n+3 n | x|”
n—e n?43n
=[x
The series converges absolutely for |x| <1,

diverges for |x| >1. At x = %1, the series

diverges by the nth-Term Test.
(a) Interval of convergence: (-1, 1)

(b) Series converges absolutely on (-1, 1).

(¢) None
Z‘i|a |— Z‘in| | —; use the Ratio Test.
n= n=
N
lim

n—eo (n+fn+1 RU "

|)C| ' ( n ]3/2
=—lim | —
3 n—se\ n+1

The series converges absolutely for |x| <3,

diverges for |x| >3. When |x| =3, the series

also converges absolutely because
M hien b
Z 35> Which converges by

nZ::1 n\/;3n B n=1n

the p-Test.

oo

(a) Interval of convergence: [-3, 3]

(b) Series converges absolutely on [-3, 3].

(c) None
| |2n+1
Z |a | = Z ~———; use the Ratio Test.
2n+3
™ n 2 L
n—eo (n+1)! |x|2”+1 n—oon+1

The series converges absolutely for all real
numbers.

(a) Interval of convergence: (—oo, o)

(b) Series converges absolutely for all real

numbers
(¢c) None
Z |a | = Z n|x+3| ; use the Ratio Test.
n=l1
i (n+1)|x+3|"Jrl 5"
im
n—eo 5t n|x+ 3|n
|x + 3| (1 L1 1 j
5 n—>o<> n
3 |x+ 3|
5

The series converges absolutely for |x +3| <5

and diverges for |x+3| >5. When |x+ 3| =
the series diverges by the nth-Term Test.

(a) Interval of convergence: (-8, 2)

(b) Series converges absolutely on (-8, 2).

(c) None
oo n|x|l’l
;'an| = m; use the Ratio Test.
IS D™ a2
n—>eo 4n+1 [(n+ 1)2 +1] n|x|n
|x| . w4+ +n+l
=—lim ———
4 n—eo 3 + 21 +2n
_
4

The series converges absolutely for |x| <4

and diverges for |x| >4.

Check x =4: z
n= 1n +1

diverges by the Limit

oo

. 1 L
Comparison Test (use Z—, which diverges

n=1
by the p-Test).
o (=D"n
Check x=—4: z does not converge
2
n=1 1~ +1

absolutely, but it converges conditionally by
the Alternating Series Test.
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46.

47.

(a) Interval of convergence: [-4, 4)
(b) Series converges absolutely on (-4, 4).

(c) Series converges conditionally at x = —4.

> \n A"
Z|an|= |,,|
n=l1 3

0 \/n+1|)c|n+1 . 3"
V"

; use the Ratio Test.

li
N—yo00 3l’l+1
X
M 1
3 n—eo n

[

3

The series converges absolutely for |x| <3 and

diverges for |x| >3. When |x| =3, the series

diverges by the nth-Term Test.

(a) Interval of convergence: (-3, 3)

(b) Series converges absolutely on (-3, 3).
(¢c) None

i |an| = n!|x— 4|n; use the Ratio Test.

n=l1

D4
lim —————"—= lim (n+1)|x—4|
n—ree n!|x—4|n n—ee
0 x=4
Tl x#4

(a) Series only converges at x = 4.
(b) Series converges absolutely at x = 4.

(c) None

i |an| = i 2" (n+ 1)|x —1|n; use the Ratio
n=l1 n=l1

Test.
. 2" (n+2)|x-1

noe M4 D)|x-1"

= 2|x~1| lim (””j

|n+1

n—eo\ n+1

=2|x—1|

The series converges absolutely for |x —1| <%

Copyright © 2012 Pearson Education, Inc.
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49.
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and diverges for |x—1| > % When |x—1| :%,

the series diverges by the nth-Term Test.

(a) Interval of convergence: (%, %j

(b) Series converges absolutely on (%, %j

(¢c) None

I I _ gf2n+l
Z |an| = Z %; use the Ratio Test.
n=1 n=1 n

' |4x_5|2n+3 n3/2
Jim (i1 '|4x_5|2n+1

3/2
= [4x-5[" 1im (LJ
n—oo\ n+1

= |4x—5|2

The series converges absolutely for
|4x—5| <l,orxe (l, %j, the series diverges
for [4x—5|>1.

n3/2 n3/2

n=l1

Check x=1: z
n=1

converges absolutely by the p-Test.
oo 12n+1 oo
= Z converges
3/2 3/2
n=l 1 n=1N

absolutely by the p-Test.

Check x= E:
2

(a) Interval of convergence: {l, %}

(b) Series converges absolutely on {l, %}

(¢c) None

oo oo n
Z |an| = Z%, use the Ratio Test.
n=l1 n=l1 n

. |x+ﬂ_|n+1 \/;
lim

ne it gl

=|x+7] lim |
n—oo \ n+1

=|x+7

Publishing as Prentice Hall.
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50.

51.

52,

Section 10.5

The series converges absolutely for |x+ 7z'| <1,
or xe (—mr—1,—x+1); the series diverges for

|x+ﬂ'| >1.

Check x=-7+1: z diverges by the
\/_
. 1
p-Test with p = >

Check x=-7-1 iﬂ

n=1 \/;
absolutely, but it converges conditionally by
the Alternating Series Test.

does not converge

(a) Interval of convergence: [-7— 1, -7 + 1)

(b) Series converges absolutely on
(—m—1,-7+1).

(c) Series converges conditionally at

x=—m—1.

oo oo

2fan|= X[,

n=l1 n=l1

geometric series with

r= |ln x|.
The series converges absolutely for |ln x| <1,

-1

or for e <x<e

|Inx|>1.

the series diverges for

1
(a) Interval of convergence: (—, ej
e

(b) Series converges absolutely on (l, ej.
e

(¢c) None

n=13x10"-365-24-3600 = 4.09968x 10!’
In(n+1)<sum<1+Inn

1n(4.09968x10!7 +1) < sum < 1+ In(4.09968x10'7)

40.5548... <sum <41.5548...
40.554 < sum < 41.555

Comparing areas in the figures, we have for all
n>1,

I1n+1f(x)dx<al+---+an <al+.[1nf(x) dx.

If the integral diverges, it must go to infinity,
and the first inequality forces the partial sums
of the series to go to infinity as well, so the
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53.

54.

series is divergent. If the integral converges,
then the second inequality puts an upper
bound on the partial sums of the series, and
since they are a nondecreasing sequence, they
must converge to a finite sum for the series.
(See the explanation preceding Exercises 61
and 62 in Section 10.4.)

y
\ y=f(x)
N |9N+1
| a,
0 N N+1 N+2 n n+l
y
y=f(x)
Ay |91 |9N+2
[al—
0ol N-1 N N+1N+2 n-1 n

Comparing areas in the figures, we have for all

n+l
n>N, jN fX)dx<ay+-+a,

<ay +K/f(x) dx.

If the integral diverges, it must go to infinity,
and the first inequality forces the partial sums
of the series to go to infinity as well, so the
series is divergent. If the integral converges,
then the second inequality puts an upper
bound on the partial sums of the series, and
since they are a nondecreasing sequence, they
must converge to a finite sum for the series.
(See the explanation preceding Exercises 61
and 62 in Section 10.4.)

(a) Diverges by the Limit Comparison Test.

1
N2k+7

a, >0 and b >0 fork =1 and

K2
=lim ——

k—eo 2Kk +7 \/_

z b, diverges by the p-Test with
k=1
1 < .
=—, Z a; also diverges.
k=1

Let ap =

1
and b, =—— Then
k1/2

.a
lim =&

Since

(b) Diverges by the nth-Term Test, since

1 k
lim (1+—j =e#0.
k

k—o0
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56.

(c) Converges absolutely by the Direct
Comparison Test, since

cos k
for k>1 and —
k2-+\f_ Egak

converges by the p-Test with p = 2.

(d) Diverges by the Integral Test, since

w 18 . b
Lxmxw=£ﬂpsmmx&=w.

= = n"|x+2["
S - 502

n
n=l1 n=1 3 n!

, use the Ratio Test.

. )" e+ 2™ 3

I UYL P

_ |x + 2| lim (n +n1)n

n—oo n

|x+2| ) [ 1)"
=——1lim|1+—
3 noeo n
|x+2|
=—.¢

3
=|x+2|~E
3

The series converges absolutely for |x+ 2| < 3
e

and diverges for |x+ 2| > g Therefore, the
e

. .3
radius of convergence is —.

e
ol .
Z |an| = Z , use the Ratio Test.
n=1 n=11 "
) (n+1)‘|x|nJrl n"s"
lim
Nn—co (n+1)n+15n+l n!|x|n
= H lim (Ljn
5 n—e\n+1l
:|51| lim ! -
n—yoo
(1+3)
_H
Se

The series converges absolutely for |x| <Se,

diverges for |x| > Se. Therefore, the radius of

convergence is Se.

57. One possible answer: Z

58.

Section 10.5 593

=3 ninn

This series diverges by the integral test, since

o

dx = lim [ln |1n x|] =oco. Its partial

xlnx b—roo

sums are roughly In(In n), so they are much
smaller than the partial sums for the harmonic
series, which are about In #.

(a)

(b)

(0

59. (a)

(b)

ak:(—Dk“Lykakadx
o k#[,2 3TV
— (=1 [2k X JO

_ 1kt g
~c1( 2]

The series converges by the Alternating
Series Test.

The first few partial sums are:

S1=2, S2 =1, S3 =§, S4=%,

47 37 319
S =—, S =, =~
7307 707307 7T T 210
Sg = E 9= 1879 For an alternating

420 1260
series, the sum is between any two
adjacent partial sums, so

1<S8 Sum<59<%

Diverges by the Limit Comparison Test.

and b, =l. Then

Let a, =
3n +1 n
a, >0 and b, >0 forn=1, and
2 oo
. . 1 .
lim 22 = lim —%— =~ Since an
n—oo bn n—oo 31’12 +1 3 n=1

o0
diverges, Zan diverges.

n=1

S = }: s 3

Sl n 2l
This series converges by the Direct

<i2 and
3n“+1 n

Comparison Test, since

M

iz converges by the p-Test with

Il
—_

n
2.

n
p
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60. (a) From the list of Maclaurin series in

61.

(b)

(V]

d - =
@ nZ=:1 2n 2’;::1 n
1 2
=—In(1+x
3 ( )
k+11 k+1
tim %t i 25 P k+2)
k—oo| ay k—eo In(k+3) ok |x|k 64.

Section 10.2,
In(1+ x)
2 3 n
—x— Ayt
2 3 n
a | |n+1 n
lim |4 =
n—eo| a, n—e n+1 |x|n 62
=] lim —"—
n—oon+1

=[]
The series converges for |x| <1 and

diverges for |x| >1.

(_1)n+l

Check x=1: )
n=1
the Alternating Series Test.

converges by

Check x =—1: —zl diverges by the p-
n=1
Test. The series converges for —1 < x <1.

To estimate ln%, we would let x = %

The truncation error is less than the
magnitude of the sixth nonzero term, or
6
Yoo oL 6.002605,
384

6 _26.6

Thus, a bound for the (absolute)
truncation error is 0.002605.

oo (_1)n+l x2n 12 (_1)n+l (x2)n

=2|x]

The series converges absolutely for

1
|x| <5,

Check x = —%: Z

1 1
or——<x<-—.
2

= (=D

converges b
Ik +2) ges by

k=0

the Alternating Series Test.

Check x = L.

=

2.

k=0

—: —— diverges by the
2 2y ey

63.

Direct Comparison Test, since ——— > —
In(k+2) &

forall kK >2, and Z% diverges (harmonic).
k=1

. . 1 1
The original series converges for > <x< 5

(a) The series converges by the Direct

1
<— for
n?Inn n?

Comparison Test, since

1
n =3, and Z — converges as a
p
n=3 1
p-series when p > 1.

(b)

For p = 1, the series is Z ! , which

aop ninn

diverges by the Integral Test, since

dx = lim [In(In x)]} = o».
-[2 xInx b—>oo[ (Inl
1
(¢) For0<p<1, wehave > ,
nPlnn nlnn

oo

SO

; diverges by the Direct
=2’ Inn

from

Comparison Test with z
aoninn

part (b).

oo n
In(+x) =Y (1" 2 soatx=1 the
n=1 n

(_1 n+l

o
series is Z . This series converges by
n=1

the Alternating Series Test.

n

x2n+l

2n+1

arctan x = Z D"
=0

At x = —1, the series is
) (_l)n (_1)2n+1 ~ ) (_l)n
2 __ga 2+l
converges by the Alternating Series Test. At
D"

2n+1

which

x =1, the series is Z
n=0
converges by the Alternating Series Test.

, which

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



65.

66.

67.

68.

69.

70.

(a) It fails to satisfy u, >u, ., foralln=N.

(b) The sum is

o - 1 1
3 1 3 13 2
[n=1 3nJ [n=1 ZnJ -3 1_%

1 3
2
1
2
SRR IEd,
True, a,|=
nzz:l| "| n=1 2n
Use the Ratio Test to find the endpoints.
' |x|2(n+l) n - n 5
. :|x| lim —:|x|
n—eo 2(n+1) |x|2’1 n—eon+1

The series converges absolutely for |x|2< 1, or
|x| <l1.

The endpoints are x = £1. At both endpoints
(_1)n+1

the series equals: z
n=1
converges by the Alternating Series Test.

, which

_plot
5 which is

True; the next term is ay¢ =
101

negative, so $;o must be greater than the sum
of the series.

> = nl2x-5["
o S - £
-

, use the Ratio Test.
o nt 2

. n+Dx=3""  n42

n—>o0 n+3 n|2x—5|n

n2+3n+2

=2x-5|li
|x |nE>I:° n2+3n

= |2x -5 |
The series converges absolutely when

1
<—.

|2x—5| <1, or
2

5
=2
2

A; the series converges absolutely for

1 L
X_E < E; the series diverges at the

endpoints by the nth-Term Test. The interval
of convergence is: 2 < x < 3.

E

71.

72.

73.

Section 10.5 595

L 42% diverges by the p-Test.

(1Y o
1L Z[ﬁj converges (geometric series
p=1\ 1

with r =0.7).

oo i+l
111. =D

5 converges absolutely by the
n=l N
p-Test (or use the Alternating Series Test).
B; the truncation error is

> Vs (1Y
5 S (4]
n=101

n

oo

. 1y . . .
Notice that z (_Ej is a geometric series
n=101

101
with first term [_Ej and constant ratio

1
r= 5 It converges to

(_%)101 (%)101 .
— % —

B T 3.9l00°

1 . .
Thus ———— is the truncation error.

Answers will vary.

2 )2
(a) lim '\’/Z:]im 2™~ lim (4/n) _1

n—soo n—oo (2 p—eo 2 2

The series converges.

n
n
b) lim %a, = lim
®) “n (2n—lj

n—oo n—oo

= lim
n—e 2n—1

The series converges.
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(V]

74. (a)

(b)

(c)

lim {a, = lim nfin Check x = —%: Z(—l)" diverges.
2

n—eo, n odd n—oo, n odd n=1
(l/; (=]
= lim -~ _1 ;
nseonodd 2 Check x = % 21 diverges.
1 n=1
T2 The interval of convergence is (—%
lim  %a,= lim n L = 1
n—>oo, n even n—eo, neven \ 2 2 P
. @ 1im Zfla,| = lim §|inx]
Thus, lim {/a, =—, so the series e e
n—oo 2 = |1n x| .
converges. The series converges absolutely if
1
| 1|n | 1| |1nx|<1, or —<x<e.
X— X— e
lim ga,| = lim §/——="—.
n—soo Nn—soo 4n 4 1 & 1 n oo
The seri - Check: x=—: Y |In—| =Y (-1)"
e series converges absolutely if e e
|x _ 1| n=0 n=0
< I, or-3<x<35. diverges.
= Check x=e: Y (Ine)' =Y 1"
Check x=-3: z (=1)" diverges. ,,é) ,Z‘)
n=0 diverges.
Check x =5: Z 1" diverges. The interval of convergence is (l, ej.
e
n=0
The interval of is (=3, 5). . . .
¢ interval of convergence is ( ) Quick Quiz Sections 10.4 and 10.5
|x—2[" 1. E
lim ¥la,|= lim JJ~———
n—seo | n| n—e \ 5.3" = 5
_ lim |x-2| L > 5— converges by the Limit
n—>co (’/; -3 n=1"n +1
| X— 2| Comparison Test
. 3 . Use Z i, which converges by the
The series converges absolutely if Py n2
x=2
| |<1, or—-1<x<5. p-Test.)
2 (=) | -
Check x = —1: Z converges. 1I. z - converges by the Limit
= N =13 +1
> 1 Comparison Test
Check x = 5: Z — diverges. - n
— N 2 . . .
n=l Use Z (—j , geometric series with
The interval of convergence is [-1, 5). aog\3
. 2
lim gfla,| = Tim 42" |x/" =2|x|. The 3
tim 4| = tim {2 " =2
series converges absolutely if o 4 ©
n .
2|x|<1, or _l<x<l_ II1. 27— Z —;7 diverges by the
2 2 n=1 n=17
-Test
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